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Spatiotemporal behavior in a f4 model of lattice dynamics
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A simple phenomenological model of lattice dynamics in ferroelectric materials has the ingredients of a
spatially extended, nonlinear driven system. We study the dynamics of this model in the presence of spatially
varying ultrafast optical pulses. We find that for sufficiently large amplitudes, the spatial gradient in the pulse
creates stable domain walls separating domains of opposite orientations. The dynamics of these domain walls
under repeated pulses is investigated. Bifurcation diagrams in one, two, and three dimensions are obtained,
exhibiting both periodic and complex spatiotemporal behavior. The complex behavior is identified as weakly
chaotic associated withalgebraicgrowth of initial small perturbations.@S1063-651X~97!02411-2#

PACS number~s!: 42.79.Vb, 63.20.Ry, 78.30.Hv, 78.47.1p
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I. INTRODUCTION

In this paper we study the collective dynamics of a set
harmonically coupled, dissipative, double-well oscillato
Phonon dynamics in ferroelectric materials can be mode
as such a spatially extended nonlinear dynamical syst
Fahy and Merlin have studied a simple phenomenolog
model in which the ferroelectric material is driven by a sp
tially uniform optical pulse at finite temperature@1#. They
found that as the pulse strength is increased the system
through a coherent switching behavior where the entire s
tem changes its polarization without creation of a dom
wall or fragmentation.

Here we report results for the zero-temperature versio
this model under a spatially varying ultrafast pulse in a
gime in which many stable domain walls can coexist. Un
such conditions, we find that the model exhibits a variety
interesting spatiotemporal effects, which may also be
evant to future experimental studies of real ferroelectric m
terials.

Ferroelectrics are materials that exhibit a spontane
electric polarization below a Curie temperatureTc @2#. Be-
low this temperature, there is a spontaneous symmetry br
ing of the phonon mode, leading to two or more degene
states, separated by an energy barrier. In the model discu
here, we will assume that at very low temperatures, the
namics of phonon amplitudef can be described by a double
well potential with two correponding minima, correspondi
to the two possible orientations of the electric polarizatio
Typically these soft modes are Raman or infrared act
Ultrafast optical pulses can therefore be used to impulsiv
excite and detect coherent phonons, provided that the p
duration is short compared to the phonon period@3–5#.

II. THE MODEL

A simple phenomenological model of lattice dynamics
ferroelectric materials treats the system as a set of harm
cally coupled, damped oscillators@1#. Each oscillator resides
in a nonlinearf4 potentialU(f)5f42af2, which has a
561063-651X/97/56~5!/6082~8!/$10.00
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double-well structure. The height of the potential barrier b
tween the wells is given bya2/4 and the minima occur a
f56Aa/2. The zero-temperature equation of motion
written as

mf̈ i5kDf i24f i
312af i2gḟ i1Fi~ t !, ~1!

wherem is the mass,g is the damping parameter associat
with each oscillator,k is the strength of the nearest-neighb
~NN! coupling, Fi(t) is the impulsive driving term, and
Df i5( j 5NN(f j2f i) is the lattice Laplacian. Here,f i rep-
resents the local phonon amplitude associated with each
tice site i so thatf i50 is the undistorted amplitude. How
ever, we are considering the material below the structu
phase transition wherea is positive so thatf i50 is an un-
stable equilibrium point.

The driving mechanism is chosen to model the effect o
spatially varying ultrafast optical pulse that instantaneou
changes the velocity of each oscillator with a magnitude
pending on their spatial position within the lattice. We mod
the effect of the optical pulse by adding an impulsive drivi
term to the right-hand side of Eq.~1!:

Fi~ t !5f i Pid~ t !, ~2!

where Pi is the ~spatially dependent! pulse magnitude. We
imagine ad-dimensional square lattice and apply a symm
ric pulse to the center of the lattice with a Gaussian spa
profile, Pi5A exp(2ri

2/2s2), whereA is the pulse ampli-
tude,r i is the distance between the center and thei th lattice,
and s sets the length scale for the pulse gradient. We e
phasize that it is the spatial variation of the optical pulse t
gives rise to many of the interesting results presented be

A simple dimensional analysis gives the relevant time a
length scales of the problem:t;m/g sets the time scale fo
relaxation to a metastable state—wheref̈5ḟ i50, and j
;Ak/a is the characteristic length of a domain wall separ
ing regions of opposite orientation@6#—i.e., where f5
6Aa/2.
6082 © 1997 The American Physical Society
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56 6083SPATIOTEMPORAL BEHAVIOR IN A f4 MODEL OF . . .
In recent years, much attention has been given to dyn
ics of extended systems@7#. These systems exhibit man
interesting nonequilibrium phenomena including pattern f
mation, spatiotemporal chaos, and self-organized critica
Nonequilibrium phenomena in extended systems are t
cally described by partial differential equations and/or arr
of oscillators in the form of coupled ordinary differenti
equations. A double-well oscillator serves as a paradigm
the study of low-dimensional chaos, and is also frequen
used in numerous areas of physics@8#. Equation ~1! is a
natural high-dimensional generalization of a double-well
cillator. Therefore, it is important to investigate the sp
tiotemporal behavior of the above model.

In the following, we present results of our numeric
study of the above model. In particular, we are interested
the dynamics of stable domain walls under repeated iden
pulses. Does such a system exhibit complex or chaotic
havior, and if so, how does one characterize such behav
We find that the system exhibits both periodic and comp
spatiotemporal behavior. The complex regime is charac
ized byalgebraicgrowth of small initial perturbations. Inter
estingly, such behavior associated with zero Lyapunov ex
nent has been previously shown to exist in extended syst
that exhibit self-organized criticality~SOC!.

III. NUMERICAL RESULTS

In this section we present the results of our numeri
study of the above model. We have considered this mode
various spatial dimensions; however, we have concentr
in d52 and shall present most of our results for this case.
adaptive, fifth-order, Runge-Kutta method@9# was employed
in order to simulate the equations of motion. We rewrite
equations of motion in cylindrical coordinates in order
take advantage of the symmetry of the problem. This allo
us to simulate the radial direction only, which approximate
reduces the number of equations by a factor ofN ~on anN
3N square lattice!. We are interested in the regime whe
many stable domain walls exist. Accordingly, we chose
intermediate coupling regime wherek'a for a large part of
our simulations. We also note that in their study of the sa
system, Fahy and Merlin chosek/a520 @1,10#. This is a
strong coupling, which essentially puts the system in
‘‘single-particle’’ regime for the system sizes they cons
ered. The relaxation time between the application of c
secutive pulses was implemented by requiring all the ti
derivatives to become smaller than a prespecified value,
which was proportional to the accuracy of the integrat
thus assuring that the system has reached a true metas
state before a subsequent pulse is applied. We also note
in our numerical implementation, Eq.~1! is nondimensional-
ized in such a way that time is measured in units ofg and
space in units of lattice spacing so that bothA and f are
dimensionless.

We begin by investigating the response of the tw
dimensional system to repeated pulses. We start the sy
from a spatially homogeneous state~i.e., f i5Aa/2, ; i ! and
apply repeated pulses of a given magnitude (A) and width
~s!. After each pulse, the system is allowed to relax to
metastable state where the position of each oscillator is m
sured and averaged over the lattice. This procedure is equ
-
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lent to measuring the average polarization in a sample. F
ure 1 shows the result for such a simulation for a range
pulse strengths. The parameters chosen areR5500, k52,
a52, g50.5, ands25R2/2, whereR is the radial number
of degrees of freedom~i.e., system size ispR2 in 2d!. A
large number of pulses are applied to the system so th
reaches a steady state, although typically the system se
into a periodic state after only a few pulses. Then we ap
256 pulses and plot the average polarization^f(x,y)& for
each of the pulses. Note that for each value ofA, the initial
condition corresponds to the homogeneous state@10#.

By plotting ^f(x,y)& as a function of the drive amplitud
A we obtain a bifurcation diagram, shown in Fig. 1. As t
pulse strength is increased from zero, the system bifurc
to a period-2 state associated with the creation of the
stable domain wall atA51.75. Here, when the pulse is ap
plied to the homogeneous state, a ‘‘bubble’’ is created at
center of the pulse, with an associated domain wall sepa
ing regions of opposite orientation. The next pulse creates
additional domain wall at approximately the same locat
which annihilates the previous wall, leading back to a hom
geneous state@11#. Thus, the period-2 behavior is associat
with the creation and annihilation of a bubble at the cente
the sample, while the rest of the system is unaffected.

Various snapshots of the spatiotemporal evolution of
domains for period-two behavior (A52.15) are shown in
Fig. 2. Initially, the system is in the uniform state, shown
Fig. 2~a!. At t510 units after the Gaussian pulse is applie
domain reversal occurs in the central region, as shown
2~b!. The system settles into a metastable state byt5250
@Figs. 2~c!–2~e!#, at which point a second pulse is applie
The second pulse causes a second domain reversal to o
as seen in Fig. 2~f!, which leads to the formation of a ring
Because of the close proximity of the two domains, th
eventually annihilate@Figs. 2~g!–2~i!#, leading back to the
original state, Fig. 2~a!.

As the driving amplitudeA is increased, the domain wa
is created at a larger distance from the center so that the
of the bubble becomes larger, as seen through the decrea
lower branch of the bifurcation diagram in Fig. 1. This tre
continues until the pulse becomes strong enough to crea
second set of domain walls near the center~at A53.1!. At

FIG. 1. Bifurcation diagram for the average final polarization
a function of pulse strength for a radially symmetric 2d system.
Here,R5500,k52, a52, m51, g50.5, ands25R2/2.
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FIG. 2. Spatiotemporal evolution of thef4 model for A52.15 as it goes through a period-2 motion associated with creation
annihilation of a bubble. Timet is measured from the time of the first pulse, in units ofg. ~a! t521. ~b! t510. ~c! t525. ~d! t550. ~e!
t5249. At t5250, the second pulse is applied.~f! t5260. ~g! t5275. ~h! t5300. ~i! t5400.
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this point no periodic behavior is observed. As more pul
are applied to the system, the number of domain walls c
ated near the center increases. These domain walls re
within a limited region near the center of the pulse, but n
ertheless move in an irregular fashion.

As the pulse strength is increased further (A53.2), the
system again settles into a periodic state characterized b
creation and annihilation of a single ‘‘ring,’’ consisting of
pair of domain walls. This periodic behavior continues as
pulse strength is further increased, while the thickness of
ring remains essentially the same and its radius incre
with larger pulses. AtA54.8, the pulse is again stron
enough to create a new set of domain walls near the ce
A complex spatiotemporal zone near the center of the sys
emerges where the pulse continues to create more and
domain walls. The width of the second complex zone
larger in size than the the first one, and in general th
regions increase with increasingA.

We have looked at bifurcation diagrams in many differe
parameter regimes, and the above-mentioned behavior s
to be a general property of this model. The bifurcation d
grams consist of periodic regimes, associated with crea
and annihilation of a small number of domain walls~e.g.,
one domain wall equals a bubble, two domain walls equa
ring!, separated by regions that are characterized by com
interaction among many domain walls. Fig. 3 shows a r
resentation of the general behavior of the system as a f
tion of A.

We now focus our attention on the spatiotemporally co
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plex behavior exhibited by this model. A space-time plot
the first complex regime is shown in Fig. 4~a!, where we plot
the state of the system after relaxation has occurred for
first 250 pulses. The intensity of this space-time plot des
nates the value off( i ), with black corresponding to one
minimum and white corresponding to the other. The elap
time, measured in units of the number of pulses, is plot

FIG. 3. A schematic representation of the state of the system
the pulse amplitude is increased.
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FIG. 4. Space-time plot of the
complex behavior of the system a
A53.1 from Fig. 1. The horizon-
tal direction ~left to right! is the
half radius ~the first 250 radial
sites! and the vertical direction
~bottom to top! is time for the first
250 pulses. The plotted intensit
is such that black corresponds t
the positive well (11) and white
to the negative well (21). ~b!
Closeup of the lower-left corner
as designated by the dashed lin
in ~a!.
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vertically, increasing from bottom to top. A closeup of th
lower left corner, designated by the dashed box, is show
Fig. 4~b!. For Fig. 4,A53.1, while the rest of the paramete
are the same as Fig. 1. The central zone~left side of the
figure! contains the complex spatiotemporal behavior c
sisting of many interacting domain walls. Further out~to the
right of the figure!, the system exhibits a period-2 behavi
as the domains switch orientation after each pulse. Clos
the edge~not shown!, the system is unaffected by the puls
As more pulses are applied to the system, more and m
domain walls are created in the complex zone near the
ter. These domain walls subsequently move out and
eliminated at seemingly random space-time locations. N
that the profiles plotted here are relaxed configurations
correspond to the existence of stable domain walls as
posed to the continuous time dynamics shown in Fig. 2.

As discussed above, with increasingA this first complex
regime gives way to a period-2 behavior associated with
ation and annihilation of a ring~see Fig. 3!, which is fol-
lowed by a second complex regime. Figure 5 shows a sim
space-time plot of this second complex regime for the fi
250 pulses andi 502250 atA54.9. As can be seen from
the left edge of the figure, in the steady state, a new dom
wall is created near the center after every fourth pulse.
these domain walls move out towards the edge, their in
actions lead to a complicated pattern seen in the middle
tion of Fig. 5. The behavior here seems less complex t
that of Fig. 4 associated with the first complex regime. C
respondingly, the behavior just outside the complex zo
~right side of the figure! is simpler here than that of Fig. 4
The rest of the system~not shown! simply executes a
period-2 motion associated with creation and annihilation
a ring.

This type of irregular behavior occurs for a range ofA
until the system again finds a periodic regime. As discus
above~and is evident from Fig. 1!, the bifurcation diagram
consists of regimes of periodic behavior associated with
ation and annihilation of a few domain walls, followed b
regimes where many interacting domain walls exhibit co
plex spatiotemporal behavior. The complex regime begin
in
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the point where the pulse is just strong enough to crea
new stable domain wall which can interact with a pr
existing domain wall. For this reason, complex behavior
not observed at the first bifurcation point (A51.75) where
only a single domain wall is created. For the sake of co
pleteness, we show two more space-time plots. Figure~a!
shows the rich spatiotemporal behavior associated withA
56.8 of Fig. 1. This is to be compared with Fig. 4. Again,
closeup of the behavior nearr 50 andt50 is shown in Fig.
6~b!. Domain walls are created near the center and m
through a larger complex zone. Moving away from the ce
ter, they slow down and eventually stop moving as the pu

FIG. 5. ~a! Space-time plot of the complex behavior of the sy
tem atA54.9 from Fig. 1. The horizontal direction~left to right! is
the half radius~the first 250 radial sites! and the vertical direction
~bottom to top! is time for the first 250 pulses. The plotted intensi
is such that black corresponds to the positive well (11) and white
to the negative well (21).
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FIG. 6. ~a! Space-time plot of
the complex behavior of the sys
tem at A56.8 from Fig. 1. The
horizontal direction~left to right!
is the half radius~the first 250 ra-
dial sites! and the vertical direc-
tion ~bottom to top! is time for the
first 250 pulses. The plotted inten
sity is such that black correspond
to the positive well (11) and
white to the negative well (21).
~b! Closeup of the lower-left cor-
ner, as designated by the dash
lines in ~a!.
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gradient becomes small. Throughout this complex zone,
main walls pair annihilate at seemingly random space-t
locations.

Bifurcation diagrams for other system parameters w
also obtained, which displayed the same type of behavio
that of Fig. 1, i.e., complex regimes separated by regime
periodicity. In Fig. 7, we show another space-time plot fro
such a system. Here, domain walls are generated away
the center and move in both directions. However, the
mary dissipation mechanism occurs as the walls m
quickly towards the center~left side of the figure! and disap-
pear. We emphasize that these complex regimes do not s
to be transients, as we have applied thousands of pulse
select parameters and observed no convergence to any
of regular behavior@12#.

In the above space-time plots the repulsive interaction
tween nearby domain walls is to be noted. For example
Fig. 6, the outermost wall~i.e., the wall created after the firs
o-
e

e
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m
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e

em
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pulse! initially moves out, slows down, and stops movin
However, as it gets ‘‘crowded in’’ by other approachin
walls, it moves out further in order to accompany them. F
thermore, it is also clear that as domain walls are pushed
close together their interaction becomes attractive leadin
pair annihilation.

The behavior exhibited in Fig. 1 might be argued to res
from the special set of initial conditions we have select
namely,f i5Aa/2, ; i . However, this is not the case. In Fig
8 we show a bifurcation diagram for an identical set of p
rameters as in Fig. 1 but with continuous updating where
final configuration at a given value ofA was used as initial
conditions for the next value ofA. This is more similar to the
experimental situation where the field is slowly ramped u
As the field is increased the system explores various o
states associated with many domain walls, since the sys
is no longer reset to a homogeneous state. However, the
havior remains the same as the complex and periodic
e

,
es
FIG. 7. ~a! Space-time plot of
the first complex regime forR
51200, k51, a51.0, m51.0, g
50.25, ands50.3R at A51.82.
The horizontal direction~left to
right! is the first 250 radial sites
and the vertical direction~bottom
to top! is time for the first 250
pulses. The plotted intensity is
such that black corresponds to th
positive well (1A2/2) andwhite
to the negative well (2A2/2). ~b!
Closeup of the lower-left corner
as designated by the dashed lin
in ~a!.
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56 6087SPATIOTEMPORAL BEHAVIOR IN A f4 MODEL OF . . .
gimes occur for precisely the same range of values as th
Fig. 1. Although the final state of the system is dependen
its initial conditions, the qualitative behavior of the system
independent of them.

We have so far referred to the behavior of our syst
~shown in Fig. 7, for example! as ‘‘complex.’’ A natural
question to ask is whether it is chaotic, i.e., does this sys
exhibit spatiotemporally chaotic behavior? One way to de
mine whether a system is chaotic is to measure a Lyapu
exponent. In the chaotic state, by definition, small deviatio
in the initial conditions grow exponentially with time,D
;elt, so that a positive Lyapunov exponentl is sufficient
proof of chaos. In order to carry out such a study, we h
defined the ‘‘distance’’ between two relaxed configuratio
as D5@( i 51

Rc (f i2f i8)
2#1/2, wheref i8 initially differs by a

small amount fromf i , andRc is the radius of the complex
zone. The initial perturbationf i8 was obtained by moving a
randomly chosen domain wall within the complex zone
one lattice site and then allowing for relaxation. Figure
shows a typical result of such a study after averaging o
100 diverging initial conditions. The complex regime is th
of A55.0 of Fig. 1. The initial divergence fits a power law
D;ta much better than an exponential. The leveling off
ter the 20th pulse is due to the finite size of the ‘‘chaoti
region. This behavior is reminiscent of complex systems d
playing self-organized criticality~SOC! @13#. SOC systems
are characterized by lack of time scale~as well as length
scale! and thus exhibit power-law behavior. Therefore, init
perturbations grow algebraically instead of exponentially
SOC systems, suggestive of zero Lyapunov exponent@14#.
Thus, SOC systems are at the edge of chaos. This typ
behavior has also been referred to as ‘‘weak chaos’’@15#. In
fact, the dynamics of domain walls within the complex zo
~e.g., that of Fig. 5! resembles certain one-dimensional san
pile models of SOC where energy is added at the left bou
ary and moves through the system in random motion to
dissipated at the right boundary. The possibility of th
model and its variants exhibiting SOC is under current
vestigation. We have furthermore looked for other tellta

FIG. 8. Bifurcation diagram for the same set of system para
eters as that of Fig. 1. Here, the system is continuously update
that the final relaxed configuration for a given value ofA was used
as initial conditions for the next value ofA. Periodic and complex
regimes occur at identical values ofA to that of Fig. 1.
of
n
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signatures of a transition to chaos, such as a period-doub
sequence within the bifurcation diagrams similar to Fig.
and have found no evidence of such behavior.

We have also studied this model in spatial dimensio
other thand52. If we assume that the system is radia
symmetric so that the only spatial variable isr , we may
easily generalize Eq.~1! to d dimensions, which in the con
tinuum form @f i(t)→f(r ,t)# reads

mf̈1gḟ5kF ~d21!

r

df

dr
1

d2f

dr2 G24f312af1F. ~3!

In Fig. 10 we show bifurcation diagrams ford51 and
d53 for an identical set of parameters as in Fig. 1. In part~a!
for d51, the same type of periodic behavior as ford52 is
observed; however, in this case there is no ‘‘chaotic’’ r
gime. A periodic state characterized by a single domain w
simply leads to a periodic state with two domain walls asA
is increased. On the other hand, in part~b! for d53, the
behavior is similar to thed52 case, except that the ‘‘cha
otic’’ regimes are now wider and more pronounced. Th
leads us to believe that the source of the observed comp
ity is not the usual nonlinear (f3) term, but the (1/r )df/dr
in the diffusive term. Note that this term is zero everywhe
except in the vicinity of domain walls, and it can thus b
viewed as providing a long-range interaction between the
This term provides the ‘‘pressure’’ that a domain experien
from its neighboring~opposite! domain in a spherically sym
metric geometry. This serves as a reminder of how differ
the complex high-dimensional behavior observed here
from the low-dimensional chaos observed in a single doub
well oscillator @8#.

Finally, we note that from an experimental point of view
it might be difficult to impart enough energy on the system
create a domain wall. It is therefore important to ask whet
interesting dynamics can occur with subthreshold fields.

-
so

FIG. 9. Growth of small initial perturbations as a function of th
number of pulses for the complex regime ofA55.0 in Fig. 1. The
result has been averaged over 100 initially diverging perturbatio
The data fits a power law behavior much better than an expone
function, suggestive of a zero Lyapunov exponent. The leveling
after the 20th pulse is due to the finite size of the ‘‘chaotic’’ regio
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6088 56AFSHIN MONTAKHAB AND JEREMY LEVY
have performed 1d simulations in the presence of a sing
domain wall ~a kink or an antikink!, and asked whether
subthreshold field with a strong gradient~smalls! can cause
the domain wall to move around the sample. We obser
that such domain walls could always be made to mo
around even with fields as small as half the threshold va
Figure 11 shows the result of such a run where a dom
wall was placed near the middle of a 1d chain and a sharp
subthreshold pulse was repeatedly applied in its proxim
As a result, the wall creeps towards the center of the pu
where the gradient is zero. The linear dependence in Fig
11 establishes the pulse gradient as the primary mecha
for domain wall dynamics. The discreteness of the latt
provides a pinning mechanism for domain walls, so tha
takes a finite value of the pulse gradient to move a dom
wall as seen from Fig 11. However, in the continuum lim
the wall would move even for infinitesimal gradients. Als
note that since the equation of motion@Eq. ~1!# and the drive
@Eq. ~2!# are invariant underf i→2f i , the dynamics of a
kink or an antikink are the same under such situation,

FIG. 10. Bifurcation diagram for the same set of parameters
that of Fig. 1, but in~a! d51, and~b! d53 ~spherically symmetric!.
In part ~a!, only periodic behavior is observed while complexi
becomes more pronounced ford53.
d
e
e.
in

.
e
re
sm
e
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.,

they both move towards the center of the pulse.

IV. CONCLUDING REMARKS

We have presented here results of our study for an
tended, pulse-driven, model of double-well oscillators. T
system models phonon dynamics in ferroelectrics under s
tially varying ultrafast pulses. However, the model shou
also be of general interest as a generic extended dynam
system. As a result of the pulse gradient, with increas
pulse strength, stable domain walls are created, separa
regions of opposite orientation. A bifurcation diagram is o
tained, exhibiting both periodic and complex spatiotempo
behavior under repeated pulses. The periodic behavio
typically period-2 associated with successive creation
annihilation of bubbles and/or rings. The complex behav
on the other hand, is associated with random creation
annihilation of many interacting domain walls. This compl
regime belongs to a weakly chaotic class of extended s
tems characterized by zero Lyapunov exponent with al
braic growth of small initial perturbations. SOC system
have also been shown to be on the edge of chaos in the a
sense. It is therefore an interesting question for future
search to investigate the extent to which ideas behind S
could be useful here.

We note that the overdamped (m50) version of the ex-
tended double-well model has been previously studied
other contexts. Spatiotemporal stochastic resonance@16#, for
example, uses such a model in the presence of noise a
sinusoidal drive. The complexity observed here does not
cur in the overdamped models, simply because comple
arises only when oscillators can jump their well more th
once, which would be impossible in the absence of iner
Furthermore, complexity does not occur in the on

s

FIG. 11. Displacement of a single domain wall which resu
when a sharp subthreshold field of a given gradient is applied in
vicinity. Here,d51, N5500, k510.0, a52.0, g50.5, s55, and
A51.0. The threshold for creating a new domain wall isA52.0.
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dimensional model because of the noninteracting nature
the domain walls.

Finally, we suggest that new experimental techniqu
such as near-field scanning optical microscopy may be us
in observing some of the effects discussed here.
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